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Abstract
The Tura´n number T (n, α+1, r) is the minimum number of edges in an n-vertex
r-graph whose independence number does not exceed α. For each r ≥ 2, there
exists t∗(r) such that T (n, α+ 1, r) = t∗(r) n
r α1−r (1 + o(1)) as α/r →∞ and
n/α → ∞. It is known that t∗(2) = 1/2, and the conjectured value of t∗(3) is
2/3. We prove that t∗(4) < 0.706335 .
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1. Introduction
An r-graph is a pairH = (V (H), E(H)) where V (H) is a finite set of vertices,
and the edge set E(H) is a collection of r-subsets of V (H). We denote v(H) =
|V (H)| and e(H) = |E(H)|. For A ⊆ V (H), we denote by H ∩ A the subgraph
induced by A, that is H ∩ A = (A,E′) where E′ = {b ∈ E(H) : b ⊆ A}. We
also denote by H − A the subgraph induced by V (H) − A, that is H − A =
H ∩ (V (H) − A). A subset of vertices is called independent if it contains no
edges ofH . The independence number α(H) is the largest size of an independent
subset. The transversal number τ(H) = v(H) − α(H) is the smallest size of a
subset of vertices that intersects every edge.
The classical Tura´n number T (n, k, r) is the minimum number of edges in
an n-vertex r-graph H with α(H) < k. Consequently,
(
n
r
)
− T (n, k, r) is the
largest number of edges in an n-vertex r-graph that does not contain a complete
subgraph on k vertices. Tables of exact values and bounds for T (n, k, r) with
small n can be found in the web databases [4, 9].
Katona, Nemetz and Simonovits [5], as well as Scho¨nheim [10], showed that
the ratio T (n, k, r)/
(
n
r
)
is increasing with n, so the limit
t(k, r) = lim
n→∞
T (n, k, r)/
(
n
r
)
exists and is called Tura´n density. It follows from the trivial recursive bound
T (mn,mα+ 1, r) ≤ mT (n, α+ 1, r) that
t(mα+ 1, r) ≤ m1−r t(α+ 1, r) . (1.1)
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It is convenient to use the rescaled Tura´n density
t∗(α+ 1, r) =
αr−1
r!
t(α+ 1, r) .
While t(k, r) is decreasing in parameter k, it is not clear whether the same is
true for t∗(k, r). Still, (1.1) yields t∗(mα + 1, r) ≤ t∗(α + 1, r). Hence, there
exists the limit
t∗(r) = lim
k→∞
t∗(k, r) = inf
k
t∗(k, r) ,
and for a fixed r, when α/r →∞ and n/α→∞, we get
T (n, α+ 1, r) = t∗(r)
nr
αr−1
(1 + o(1)) .
The exact values of T (n, k, 2) were found by Mantel [7] for k = 3, and
by Tura´n [13] for all k. In particular, t(k, 2) = 1/(k − 1) and t∗(2) = 1/2.
Not a single value t(k, r) is known with k > r > 2. It is widely believed
that t(k, 3) = 4/(k − 1)2 and t∗(3) = 2/3. For arbitrary r, it is known that
t(α+1, r) ≤
(
(r−1)/α
)r−1
and t∗(r) ≤ (r−1)r−1/r! (for details, see the surveys
[6, 11]). Giraud [3] discovered an elegant construction for r = 4, k = 5 which
yields t(5, 4) ≤ 5/16 and t∗(4) ≤ t∗(5, 4) ≤ 5/6; the construction was generalized
by de Caen, Kreher and Wiseman [2]. We will describe this construction in
Section 2.
This article focuses on the case r = 4. In contrast to the cases r = 2, 3,
the values t∗(k, 4) vary with k, and in general, decrease. We will present new
constructions which improve upper bounds on t(k, 4) for k ≥ 6 and show that
t∗(4) ≤ t∗(65, 4) < 0.706335 .
A lower bound on t∗(4) can be derived from the result of Thomasse´ and
Yeo [12]. They proved that τ(H) ≤ (5v(H) + 4e(H))/21 holds for any 4-graph
H . This can be rewritten as e(H) ≥ 4v(H) − (21/4)α(H), and consequently,
T (n, α+1, 4) ≥ 4n− (21/4)α. In particular, T (7m, 4m+1, 4) ≥ 7m. Therefore,
t(7m, 4m+ 1) ≥ T (7m, 4m+ 1, 4)/
(
7m
4
)
≥ 7m/
(
7m
4
)
, and we get a lower bound
t∗(4) ≥ lim
m→∞
(4m)3
24
7m
(
7m
4
)−1
=
(
4
7
)3
≈ 0.18659 .
Tura´n [14] conjectured that t(k, r) = ((r − 1)/(k − 1))r−1 whenever (k − 1)
is a multiple of (r − 1). While this is true for r = 2, and likely to be true for
r = 3, our results demonstrate that it is not so for r = 4. For example, we show
in Section 6 that t(7, 4) ≤ 113721/(217 · 10) ≈ 0.0868 < 1/8.
We find the exact values of T (n, α+1, 4) for n ≤ 74α in Section 8, and present
some open problems in Section 9.
2. The 5/16 construction for T (n, 5, 4)
Consider two disjoint sets X = {x1, x2, . . . , xn}, Y = {y1, y2, . . . , ym}, and
an n ×m binary matrix A = [aij ]. Let E40 be the set of all quadruples within
2
X , E04 be the set of all quadruples within Y , and E22 be the set of quadruples
{xi, xj , yk, yl} such that aik + ail + ajk + ajl is even. It is easy to see that in
the 4-graph H = (X ∪ Y, E40 ∪ E04 ∪ E22) any subset of 5 vertices contains at
least one edge. If n and m are approximately equal, and the entries of A are
selected randomly and independently with equal probability of being 0 or 1, the
expected number of edges in H is 516
(
v(H)
4
)
+O(v(H)3).
A more specific choice of A related to Hadamard matrices provides the best
known upper bounds for T (n, 5, 4) (see [11]). The exact values of T (n, 5, 4) were
determined by de Caen, Kreher and Wiseman [2] for n ≤ 10, and by Markstro¨m
[8] for n ≤ 16. The lower bound T (17, 5, 4) ≥ 627 was also obtained in [8]. As
T (18, 5, 4) ≥ ⌈18 ·T (17, 5, 4)/(18−4)⌉ ≥ 807, we get t(5, 4) ≥ 807/
(
18
4
)
> 0.2637
and t∗(5, 4) > 0.703268.
n T (n, 5, 4)
6 3
7 7
8 14
9 30
10 50
11 84
12 126
13 185
14 259
15 357
16 476
17 627–644
18 807–828
3. Expansion construction
For any 4-graph H , there is a way to augment its blow-up to construct a
4-graph H with an arbitrarily large number of vertices and α(H) = α(H) + 1.
We call a subset of vertices U ⊆ V of a 4-graph H = (V,E) critical if
α(H − U) < α(H).
For each vertex w ∈ V (H), select two critical subsets I0w, I
1
w which do not
contain w. These two subsets are not required to be distinct, but we are in-
terested in making the independence number of H − (I0w ∪ I
1
w) smaller. Set
d(w) = 1 if α
(
H − (I0w ∪ I
1
w)
)
≤ α(H)− 2, and d(w) = 0 otherwise.
Select a family of disjoint finite sets {Vw}w∈V (H). First, we are going to
define a 4-graph (Vw , Ew) in such a way that α((Vw , Ew)) = 3 + d(w).
If d(w) = 1, we define (Vw, Ew) as a 4-graph described in Section 2. Its
vertex set is split in two approximately equal parts. Its edge set consists of all
quadruples inside each of the parts plus approximately half of the quadruples
which split evenly between the parts. We call a triple of vertices {a, b, c} ⊆ Vw
even (odd) if the first part contains even (odd) number of vertices from this
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triple. We set i(a, b, c) = 0 for an even triple, and i(a, b, c) = 1 for an odd triple.
Notice that if a quadruple of vertices in (Vw, Ew) is not an edge, then it contains
an even triple as well as an odd triple.
If d(w) = 0, we define (Vw, Ew) as the complete 4-graph. We set i(a, b, c) = 0
for all triples {a, b, c} ⊆ Vw .
An expansion of H is the 4-graph H with the vertex set ∪w∈V (H)Vw and the
edge set
E1111 ∪ E22 ∪ E31 ∪
⋃
w∈V (H)
Ew ,
where
E1111 =
⋃
{w,x,y,z}∈E(H)
{
{a, b, c, d} : a ∈ Vw , b ∈ Vx, c ∈ Vy, d ∈ Vz
}
,
E22 =
⋃
{x,y}⊆V (H)
{
{a, b, c, d} : {a, b} ⊆ Vx, {c, d} ⊆ Vy
}
,
E31 =
⋃
w∈V (H)
{
{a, b, c, d} : {a, b, c} ⊆ Vw, d ∈ Vx, x ∈ I
i
w, i = i(a, b, c)
}
,
Proposition 3.1. If H is an expansion of a 4-graph H, then α(H) ≤ α(H)+1.
Proof. Let A be a nonempty independent set of vertices in H. We need to
prove |A| ≤ α(H) + 1. Let β denote the number of sets Vw which intersect A,
and let γ denote the size of the largest intersection |A∩ Vw| over all w ∈ V (H).
Observe that β ≤ α(H) because of the way E1111 is constructed, and γ ≤ 4
because the 4-graph (Vw, Ew) does not have an independent set of size 5.
If there are two vertices x, y ∈ V (H) such that x 6= y, |A ∩ Vx| ≥ 2 and
|A∩Vy| ≥ 2, then A contains one of the edges from E22. Hence, there is at most
one vertex w ∈ V (H) such that |A∩Vw| > 1, and consequently, |A| = β+γ− 1.
If γ ≤ 2, then |A| ≤ α(H) + 2− 1. The two remaining cases are γ = 3, 4.
If γ = 3 and β ≥ α(H), then A contains one of the edges from E31. Hence,
β ≤ α(H)− 1 and |A| ≤ (α(H)− 1) + 3− 1.
In the case γ = 4, let w ∈ V (H) be such that |A ∩ Vw| = 4, and denote
Q = A ∩ Vw. As α(Vw , Ew) = 3 + d(w), we get d(w) = 1. It means that
α(H − (I0w ∪ I
1
w)) ≤ α(H)− 2. Since quadruple Q is not an edge of (Vw , Ew), it
contains both an even and and odd triple. If β > α(H)−2, then A contains one
of the edges from E31. Hence, β ≤ α(H)− 2 and |A| ≤ (α(H)− 2) + 4− 1.
Proposition 3.2. Let H be a 4-graph with n vertices. For each w ∈ V (H), let
I0w, I
1
w be critical subsets of vertices that do not contain w, and |I
0
w | = |I
1
w | =
c(w). Let d(w) = 1 if α
(
H − (I0w ∪ I
1
w)
)
≤ α(H) − 2, and d(w) = 0 otherwise.
Let d =
∑
w∈V (H) d(w), and c =
∑
w∈V (H) c(w). Then
t(α(H) + 2, 4) ≤
(
24e(H) + 3n(n− 1) + 4c+ n− (11/16)d
)
n−4 .
4
Proof. Let HN be an expansion of H where the sets Vw are of size N . Then
|E1111| = e(H)N
4, |E22| =
(
n
2
)(
N
2
)2
, |E31| =
∑
w∈V (H)
c(w)N
(
N
3
)
,
∣∣ ⋃
w∈V (H)
Ew
∣∣ = ((n− d) · 1 + d · 5
16
)(
N
4
)
+O(N3) as N →∞ .
Hence,
e(HN ) =
[
24e(H) + 3n(n− 1) + 4c+ n− (11/16)d
](N
4
)
+O(N3) .
By Proposition 3.1, α(HN ) ≤ α(H) + 1. Therefore,
t(α(H) + 2, 4) ≤ lim
N→∞
e(HN )
/(
nN
4
)
=
(
24e(H) + 3n(n− 1) + 4c+ n− (11/16)d
)
n−4 .
Example 3.3. Let H be a 4-graph with 8 vertices 1, 2, . . . , 8 and 14 edges:
{1, 2, 3, 4}, {5, 6, 7, 8}, {1, 2, 5, 6}, {3, 4, 7, 8}, {1, 2, 7, 8}, {3, 4, 5, 6}, {1, 3, 5, 7},
{2, 4, 6, 8}, {1, 3, 6, 8}, {2, 4, 5, 7}, {1, 4, 5, 8}, {2, 3, 6, 7}, {1, 4, 6, 7}, {2, 3, 5, 8}.
Then α(H) = 4, and each edge is a critical subset. Let I0i , I
1
i be two different
edges of H which do not contain i. Then α(H − (I0i ∪ I
1
i )) = 2. By Proposi-
tion 3.2, we get t(6, 4) ≤ 1269/8192 and t∗(6, 4) ≤ 53 · 423 · 2−16 < 0.80681 .
In the proof of Proposition 3.2, we used the sets Vw of equal size. Often, it is
advantageous to select critical subsets I0i , I
1
i in an asymmetric way and exploit
this asymmetry by optimizing the sizes of sets Vw.
Example 3.4. We will use 4-graph H from Example 3.3 and select the critical
subsets as follows: I01 = I
0
2 = I
0
3 = I
0
4 = {5, 6, 7, 8}, I
1
1 = I
1
2 = I
0
5 = I
0
6 =
{3, 4, 7, 8}, I13 = I
1
4 = I
1
5 = I
1
6 = {1, 2, 7, 8}, I
0
7 = {2, 4, 6, 8}, I
1
7 = {1, 3, 6, 8},
I08 = {2, 3, 6, 7}, I
1
8 = {1, 4, 6, 7}. Let N be the number of vertices in the
expansion. If |Vi| = xiN + O(1) where x1 = x2 = x3 = x4 = 0.13387, x5 =
0.13639, x6 = 0.13085, x7 = x8 = 0.09684, then the number of edges in the
expansion is (a + O(1/N))5−3N4 as N → ∞, where a < 0.80261 . Therefore,
t∗(6, 4) < 0.80261 .
4. Circular construction
To define a circular construction, we start with a circularly ordered sequence
of 4-graphs {Gi}i∈Zm wherem ≥ 2. The vertex set of each Gi is partitioned into
two disjoint subsets: V (Gi) = V
′
i ∪V
′′
i . We denote Wi = V
′
i ×V
′′
i+1, and for x ∈
5
V ′i , denote Wi,x = {(x, y) : y ∈ V
′′
i }. For a subset A ⊆ (W0 ∪W1 ∪ . . .∪Wm−1),
let βi(A) denote the number of sets Wi,x that intersect A.
We define functions fi : Wi → V ′i , gi : Wi → V
′′
i+1, and hi : (Wi ∪Wi+1)→
V ′′i+1 as follows. For w = (x, y) ∈ Wi, where x ∈ V
′
i and y ∈ V
′′
i+1, we set
fi(w) = x and gi(w) = y. For w ∈ (Wi∪Wi+1), we set hi(w) = gi(w) if w ∈ Wi,
and hi(w) = fi+1(w) if w ∈Wi+1.
Let E1i denote the set of quadruples {w1, w2, w3, w4} ⊆ Wi ∪ Wi+1 such
that βi({w1, w2, w3, w4}) = 1, and hi(w1), hi(w2), hi(w3), hi(w4) form an edge
in Gi+1.
Let E2i denote the set of quadruples {w1, w2, w3, w4} ⊆ Wi such that wj =
(xj , yj), x1, x2, x3, x4 ∈ V ′i , x1 = x2, x3 = x4 6= x1.
Let E4i denote the set of quadruples {w1, w2, w3, w4} ⊆ Wi such that wj =
(xj , yj), where x1, x2, x3, x4 ∈ V
′
i are pairwise distinct and form an edge in Gi.
The circular construction Cm[G0, G1, . . . , Gm−1] is a 4-graph with the vertex
set W0 ∪W1 ∪ . . . ∪Wm−1 and the edge set⋃
i∈Zm
(
E1i ∪E
2
i ∪ E
4
i
)
.
As
|E1i | = |V
′
i |
3∑
j=0
∣∣{e ∈ E(Gi+1) : |e ∩ V ′i+1| = j}∣∣ · |V ′′i+2|j ,
|E2i | =
(
|V ′i |
2
)(
|V ′′i+1|
2
)2
,
|E4i | = e(Gi ∩ V
′
i ) · |V
′′
i+1|
4,
we get
v (Cm[G0, G1, . . . , Gm−1]) =
∑
i∈Zm
|V ′i | · |V
′′
i+1| ,
e (Cm[G0, G1, . . . , Gm−1]) =
=
∑
i∈Zm
|V ′i−1|
3∑
j=0
|{e ∈ E(Gi) : |e ∩ V
′
i | = j}| · |V
′′
i+1|
j
+
∑
i∈Zm
(
|V ′i |
2
)(
|V ′′i+1|
2
)2
+
∑
i∈Zm
e(Gi ∩ V
′
i ) · |V
′′
i+1|
4. (4.1)
Theorem 4.1. If α(Gi) = αi + 1 and α(G ∩ V ′i ) ≤ αi for every i ∈ Zm, then
α(Cm[G0, G1, . . . , Gm−1]) ≤
∑
i∈Zm
αi.
Proof. Let A be an independent subset of vertices in Cm[G0, G1, . . . , Gm−1].
For i ∈ Zm, let βi = βi(A), so βi is the number of sets Vix that intersect A. Let
6
γi denote the size of the largest of these intersections. Set χi = 0 if A∩Wi = ∅,
and χi = 1 otherwise.
If there are two different x, x′ ∈ V ′i such that |A∩Vix| ≥ 2 and |A∩Vix′ | ≥ 2,
then A contains a quadruple from E2i . Hence, if A ∩Wi 6= ∅, then |A ∩Wi| =
βi + γi − 1. In any case, |A ∩Wi| = βi + γi − χi.
If A ∩Wi 6= ∅ and βi+1 + γi > αi+1 + 1, then A contains a quadruple from
E1i . If A ∩Wi = ∅, then γi = 0. If βi+1 > αi+1, then A contains a quadruple
from E4i+1. Hence, βi+1 + γi ≤ αi+1 + χi. So me get
|A| =
∑
i∈Zm
|A ∩Wi| =
∑
i∈Zm
(βi + γi − χi) =
∑
i∈Zm
(βi+1 + γi − χi) ≤
∑
i∈Zm
αi+1.
Theorem 4.2. Let A be an independent set in Cm[G0, G1, . . . , Gm−1]. For
i ∈ Zm, set χi = 0 if A ∩Wi = ∅, and χi = 1 otherwise. If, in addition to the
conditions of Theorem 4.1, α(G ∩ V ′′i ) ≤ αi, then |A| ≤
∑
i∈Zm
(αi − 1 + χi).
Proof. The inequality βi+1 + γi ≤ αi+1 + χi in the proof of Theorem 4.1 can
be strengthen to βi+1 + γi ≤ αi+1 + χi + χi+1 − 1. Indeed, if χi+1 = 0, then
βi+1 = 0. If γi > αi+1 + χi − 1, then χi = 1 and γi > αi+1. In this case, A
would contain a quadruple from E1i . Hence, βi+1 + γi ≤ αi+1 + χi + χi+1 − 1,
and we get
|A| =
∑
i∈Zm
|A ∩Wi| =
∑
i∈Zm
(βi + γi − χi)
=
∑
i∈Zm
(βi+1 + γi − χi+1) ≤
∑
i∈Zm
(αi − 1 + χi).
Example 4.3. Let G be a 4-graph with the vertex set Z32 where pairwise dis-
tinct vertices z1, z2, z3, z4 form an edge if z1 + z2 + z3 + z4 = 0. We partition
its vertex set V (G) = V0 ∪ V1 where Vi contains vectors with first entry equal
to i ∈ Z2. Then α(G) = 4 and α(G ∩ Vi) = 3. Set Gm = Cm[G,G, . . . , G].
In this case, |Wi| = 4 · 4 = 16, |E1i | = 772, |E
2
i | = 216, |E
4
i | = 256, so we get
v(Gm) = 16m, e(Gm) = 1244m, and by Theorem 4.1, α(Gm) ≤ 3m. (We skip
the calculations that lead to e(Hm) = 1244m, because we are going to revisit
this example in Section 7.) Hence, T (16m, 3m+ 1, 4) ≤ 1244m for m ≥ 2. By
Theorem 4.2, we get α(Gm −Wi) ≤ 3m− 1, and α(Gm − (Wi ∪Wj)) ≤ 3m− 2
when i 6= j. We are going to build an extension of Gm to get an upper bound
on t∗(3m+ 2, 4). When m ≥ 3, for any vertex w ∈Wk, we can select I0w = Wi,
I1w = Wj , where i, j 6= k, i 6= j. Then we get d(w) = 1 for each w. We use
Proposition 3.2 with n = 16m, e(Hm) = 1244m, α(Hm) = 3m, c(w) = 16 and
d(w) = 1 for all w ∈ V (Hm) to derive
t(3m+ 2, 4) ≤ (768m+ 30, 837)/(65, 536m3) ,
t∗(3m+ 2, 4) ≤ (768m+ 30, 837)(3m+ 1)
3/(1, 572, 864m3) .
When m = 7, we get t∗(23, 4) < 0.714739 .
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5. T (n, 6, 4)
The best asymptotical bound we know is t∗(6, 4) < 0.80261 from Exam-
ple 3.4. We describe below a few elegant constructions for small n.
5.1. n = 9, 10
Notice that any simple graph with 5 vertices and 6 edges contains either
a vertex of degree 4, or a 4-cycle. Consider a 4-graph H whose vertices are
the edges of complete 5-vertex graph K5, and the edges of H correspond to
4-arm stars and 4-cycles in K5. The number of edges in H is 5 + 15 = 20, so
T (10, 6, 4) ≤ 20. By removing a vertex, we get a 4-graph with 9 vertices and 12
edges.
5.2. n = 11, 12
Color the edges ofK6 with 5 colors, so that edges of each color form a perfect
matching. Take two copies of this K6. Consider a 4-graph whose vertex-set
consists of the vertices of the two K6, and each edge is a union of an edge from
oneK6 and an edge from the other K6 that have the same color. So far, we have
selected 5 · 32 = 45 edges. In each K6, select 3 quadruples of vertices in such a
way that every vertex belongs to exactly two of these quadruples. Add these 6
quadruples as edges to our 4-graph. It is easy to check that now any 6 vertices
contain an edge, so T (12, 6, 4) ≤ 51. This construction is not unique, as we
can choose the 6 quadruples in 7 nonequivalent ways, depending of the colors of
their pairwise intersections. According to [8], there are exactly 7 nonisomorphic
4-graphs with 12 vertices, 51 edges and independence number 5. Hence, our
construction captures all of them. By removing a vertex in any of them, we get
a 4-graph with 11 vertices and 34 edges.
5.3. n = 14, 15, 16
Consider a 4-graph G with the vertex set A∪B where A and B are disjoint
copies of Z22 ⊕ Z2. We will denote elements of A and B by (x, a) where x ∈ Z
2
2
and a ∈ Z2. The edges of G are quadruples of distinct vertices vi = (xi, ai)
(i = 1, 2, 3, 4) where either
(i) v1, v2, v3, v4 ∈ A, x1 + x2 + x3 + x4 = 0; or
(ii) v1, v2, v3, v4 ∈ B, a1 + a2 + a3 + a4 = 0; or
(iii) v1, v2 ∈ A, v3, v4 ∈ B, x1 = x2, a3 6= a4; or
(iv) v1, v2 ∈ A, v3, v4 ∈ B, a3 = a4, x1 + x2 + x3 + x4 = 0.
One may check that any 6 vertices contain an edge, so T (16, 6, 4) ≤ e(G) = 220.
By removing a vertex from set B, we get a 4-graph with 15 vertices and 161
edges. By removing vertices (x, 0) and (x, 1) from set B, we get a 4-graph with
14 vertices and 115 edges.
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n T (n, 6, 4) reference
7 3 [9]
8 6 [9]
9 12 [9]
10 20 [9]
11 34 [9]
12 51 [9]
13 74–79 [4]
14 104–115 Section 5.3
15 142–161 Section 5.3
16 190–220 Section 5.3
6. T (n, 7, 4)
Proposition 6.1.
t(7, 4) ≤ 113721/(217 · 10) ,
t∗(7, 4) ≤ 9 · 113721/(2
17 · 10) = 0.78086... .
Proof. Consider a space V k of k-dimensional vectors over Z22. For each pair
of distinct vectors x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk), we select a cer-
tain nonzero element of Z22 to serve as its color. Namely, if i is the small-
est index such that xi 6= yi, then the color of {x,y} is xi + yi. It is known
(see [1]) that this coloring produces the maximum possible number of rainbow
triples, which is
(
2
5 +O(4
−k)
) (
4k
3
)
, while the number of monochromatic triples
is
(
1
5 +O(4
−k)
) (
4k
3
)
.
Next we are going to construct a 4-graph whose vertex set is the union of
disjoint copies of V ′ = V 1 and V ′′ = V k. We define four families of quadruples
on V ′ ∪ V ′′. Let E4 consist of a single quadruple that is the set of elements of
V ′. Let E2 be the family of such quadruples Q that |Q ∩ V
′| = |Q ∩ V ′′| = 2
and the color of Q ∩ V ′ in V ′ is the same as the color of Q ∩ V ′′ in V ′′. Then
|E2| = 4k(4k − 1).
If a triple T ⊂ V ′′ contains pairs of precisely two colors (so it is neither a
monochromatic nor a rainbow triple), we define its rare color as the color of a
pair that appears only once. If T is monochromatic, then its rare color is the
color of its pairs. If T is not a rainbow triple, there are two pairs in V ′ that
have the same color as the T ’s rare color. We randomly select such a pair and
denote it by p(T ). If T is a rainbow triple, we define p(T ) = ∅. Let E1 be the
family of such quadruples Q = T ∪ {x} that Q ∩ V ′ = {x}, Q ∩ V ′′ = T , and
x ∈ p(T ) (so triple T is not rainbow). Then |E1| =
(
6
5 +O(4
−k)
) (
4k
3
)
.
We say that a quadruple Q ⊆ V ′′ is supported if it contains triples T1, T2, T3,
T4 such that p(T1) ∪ p(T2) ∪ p(T3) ∪ p(T4) = V ′. We say that Q has signature
(3, 1) if three of its elements has the same first entry in their vector notation,
and the fourth element has a different first entry. We say that Q has signature
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(2, 2) if it contains exactly two pairs of elements that share the same first entry.
We say that Q has signature (2, 1, 1) if only two of its elements share the same
first entry. We say that Q has signature (1, 1, 1, 1) if none of its elements share
the same first entry. It is easy to check that the probability of being supported
is equal to 0 for a quadruple of signature (1, 1, 1, 1), 1/2 for a quadruple of
signature (2, 1, 1), 19/24 for a quadruple of signature (2, 2), and 27/40 for a
quadruple of signature (3, 1). Let X denote the subset of V ′′ that consists of
vectors whose first entry is 0 or 1, and let Y = V ′′ − X . Let matrix A be
obtained from an Hadamard matrix of order 124
k by replacing negative entries
with zeros. The rows of A correspond to elements of X , and the columns
correspond to elements of Y . We say that a quadruple Q ⊆ V ′′ is odd if |Q∩X |
is odd, or if |Q ∩ X | = 2 and the sum of entries of the 2 × 2 submatrix of A,
induced by Q ∩ X and Q ∩ Y , is odd. Let E0 be the family of all quadruples
Q ⊆ V ′′ except those which are simultaneously odd and supported. Among
quadruples Q with odd |Q ∩ X |, approximately half have signature (3, 1) and
the other half have signatures (2, 1, 1). Among quadruples Q with |Q ∩X | = 2
approximately a quarter have signature (2, 2), another quarter have signature
(1, 1, 1), and the remaining half have signatures (2, 1, 1). Hence, the fraction of
quadruples that are simultaneously odd and supported is(
1
2
·
27
40
+
1
2
·
1
2
)
+
3
16
(
1
4
·
19
24
+
1
2
·
1
2
)
+O
(
4−k
)
=
967
2560
+O
(
4−k
)
,
and |E0| =
(
1− 9672560 +O
(
4−k
)) (
4k
4
)
.
Let Hk be the 4-graph with vertex set V
′∪V ′′ and edge set E0∪E1∪E2∪E4.
It is easy to check that α(Hk) = 4. We use the circular construction H
m
k =
C[Hk, Hk, . . . , Hk] with m disjoint copies of Hk. By Theorem 4.1, α(H
m
k ) =
3m+ 1. As e(Hk ∩ V
′) = 1 and |{e ∈ E(Hk) : |e ∩ V
′| = j}| is equal to |Ej | for
j = 0, 1, 2 and to 0 for j = 3, we get v(Hmk ) = m 4
k+1, and by (4.1),
e(Hmk ) = m
[
4
(
|E0|+ |E1| · 4
k + |E2| · 4
2k
)
+ 6
(
4k
2
)2
+ 44k
]
= m
[
4
(
1−
967
2560
+
24
5
+ 24
)
+ 6 · 6 + 24 +O
(
4−k
)](4k
4
)
= m
(
4k
4
)[
4
7 · 214 − 967
2560
+O
(
4−k
)]
= m
(
4k+1
4
)[
7 · 214 − 967
10 · 214
+O
(
4−k
)]
.
Then
t(3m+ 1, 4) ≤ lim
k→∞
e(Hmk )
/(
v(Hmk )
4
)
= m−3 ·
7 · 214 − 967
10 · 214
.
When m = 2, we get t(7, 4) ≤ 7·2
14−967
10·217 and t∗(7, 4) =
63
24 t(7, 4) = 9 · t(7, 4).
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n T (n, 7, 4) reference
8 2 [9]
9 5 [9]
10 10 [9]
11 17 [9]
12 26 [9]
13 38–39 [4]
14 54–56 [4]
15 74–80 [4]
16 99–108 H2 from Example 4.3
7. Zm ⊕ Z
6
2
construction
In this section, we will prove that t∗(4) < 0.706335 .
We denote elements of Zm ⊕ Z
6
2 by (i, x, y, z) with i ∈ Zm and x, y, z ∈ Z
2
2.
For m ≥ 4, let Hm be a 4-graph with vertex set Zm⊕Z62 where distinct vertices
v1, v2, v3, v4 form an edge if either
1. vt = (i, x, y, zt) for t = 1, 2, 3, 4; or
2. vt = (i, xt, yt, zt) for t = 1, 2, 3, 4, where x1 + x2 + x3 + x4 = 0, and
(xk, yk) 6= (xl, yl) for k 6= l; or
3. v1 = (i, x1, y
′
1, z
′
1), v2 = (i, x1, y
′′
1 , z
′′
1 ), v3 = (i + 1, x
′
2, y
′
2, z
′
2), v4 = (i + 1,
x′′2 , y
′′
2 , z
′′
2 ), where y
′
1 6= y
′′
1 and y
′
1 + y
′′
1 + x
′
2 + x
′′
2 = 0; or
4. v1 = (i, x1, y1, z
′
1), v2 = (i, x1, y1, z
′′
1 ), where z
′
1 6= z
′′
1 and either
(a) v3 = (i, x2, y2, z
′
2), v4 = (i, x2, y2, z
′′
2 ), where (x1, y1) 6= (x2, y2) and
z′2 6= z
′′
2 ; or
(b) v3 = (i+ 2, x2, y
′
2, z
′
2), v4 = (i + 2, x2, y
′′
2 , z
′′
2 ), where y
′
2 6= y
′′
2 ; or
(c) v3 = (i+3, x
′
2, y
′
2, z
′
2), v4=(i+3, x
′′
2 , y
′′
2 , z
′′
2 ), where z
′
1+z
′′
1+x
′
2+x
′′
2 =0.
Let A be a subset of the vertex set of Hm. For i ∈ Zm and x, y ∈ Z22, we denote
A1(i) = {x ∈ Z
2
2 | ∃y, z ∈ Z
2
2 : (i, x, y, z) ∈ A},
A2(i, x) = {y ∈ Z
2
2 | ∃z ∈ Z
2
2 : (i, x, y, z) ∈ A},
A3(i, x, y) = {z ∈ Z
2
2 | (i, x, y, z) ∈ A},
εi(A) =
∑
x,y∈Z2
2
max{0, |A3(i, x, y)| − 1}.
Let χ(B) be the indicator of condition B (that is, χ(B) is 1 if B is true, and 0
otherwise).
Lemma 7.1. If A is an independent set of vertices in Hm, then
εi(A) + max
x
|A2(i + 2, x)| + |A1(i+ 3)|
≤ 2 + χ(A1(i+ 2) 6= ∅) + χ(A1(i + 3) 6= ∅).
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Proof. Case 1: εi(A) > 0. If there is x ∈ Z22 such that |A2(i+ 2, x)| ≥ 2, then
A contains an edge of type 4b. If A1(i + 2) = ∅ then maxx |A2(i + 2, x)| = 0.
Hence, maxx |A2(i+2, x)| ≤ χ(A1(i+2) 6= ∅). If |A1(i+3)| ≥ 3 then A contains
an edge of type 4c. If εi(A) ≥ 2 and |A1(i + 3)| ≥ 2 then A contains an edge
of type 4a or 4c. If εi(A) ≥ 3 then A contains an edge of type 4a or 1. Hence,
εi(A) + χ(A1(i+ 3) ≤ 2 + χ(A1(i+ 3) 6= ∅).
Case 2: εi(A) = 0, A1(i + 3) 6= ∅. If A1(i + 2) = ∅, we need to prove
maxx |A3(i + 2, x)| ≤ 3. If there is x ∈ Z22 such that |A2(i + 3, x)| ≥ 4, then
A contains an edge of type 2. If A1(i + 2) 6= ∅, we need to prove |A1(i + 2)|+
maxx |A3(i + 2, x)| ≤ 4. If maxx |A3(i + 2, x)| = 4, then A contains an edge of
type 2. For k = 2, 3, if maxx |A3(i+ 2, x)| = k and |A1(i + 2)| ≥ 5 − k, then A
contains an edge of type 3.
Case 3: εi(A) = 0, A1(i + 3) = ∅. We need to prove maxx |A2(i + 2, x)| ≤
2 + χ(A1(i + 2) 6= ∅). If A1(i + 2) = ∅ then maxx |A2(i + 2, x)| = 0. If
A1(i+ 2) 6= ∅, we need to prove maxx |A2(i+ 2, x)| ≤ 3. If there is x ∈ Z22 such
that |A2(i + 2, x)| ≥ 4, then A contains an edge of type 2.
Lemma 7.2. If A is an independent set of vertices in Hm, then∑
i∈Zm
∑
x∈Z2
2
|A2(i, x)| +
∑
i∈Zm
εi(A) ≤ 2m +
∑
i∈Zm
χ(A1(i) 6= ∅).
Proof. If there are x′, x′′ ∈ Z22 such that |A2(i, x
′)| ≥ 2, |A2(i, x
′′)| ≥ 2, and
x′ 6= x′′, then A contains an edge of type 2. Thus, there is at most one x ∈ Z22
such that |A2(i, x)| > 1. Hence,
|A1(i)| =
∑
x∈Z2
2
|A2(i, x)| − max
x∈Z2
2
|A2(i, x)| + χ(A1(i) 6= ∅),
By Lemma 7.1,
εi−3(A) + max
x
|A2(i − 1, x)| + |A1(i)|
≤ 2 + χ(A1(i − 1) 6= ∅) + χ(A1(i) 6= ∅),
so we get
εi−3(A) + max
x
|A2(i − 1, x)| +
∑
x∈Z2
2
|A2(i, x)| − max
x∈Z2
2
|A2(i, x)|
≤ 2 + χ(A1(i − 1) 6= ∅).
To finish the proof, we sum the last inequality over all i ∈ Zm.
Theorem 7.3. If A is an independent set of vertices in Hm, then
|A| ≤ 2m +
∑
i∈Zm
χ(A1(i) 6= ∅).
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Proof. As |A2(i, x)| =
∑
y∈Z2
2
min{1, |A3(i, x, y)|}, we get
|A| =
∑
i∈Zm
∑
x,y∈Z2
2
|A3(i, x, y)|
=
∑
i∈Zm
∑
x,y∈Z2
2
(min{1, |A3(i, x, y)|}+max{0, |A3(i, x, y)| − 1})
=
∑
i∈Zm
∑
x∈Z2
2
|A2(i, x)| +
∑
i∈Zm
εi(A).
Then the statement of the theorem follows from Lemma 7.2.
Let B be a subset of Z22 of size λ, and Hm,λ be the subgraph of Hm induced
by vertices (i, x, y, z) where i ∈ Zm, x, y ∈ Z22, and z ∈ B. (If λ = 1, then
Hm,1 is isomorphic to the 4-graph from Example 4.3.) Then v(Hm,λ) = 16mλ.
There are 16
(
λ
4
)
edges of type 1, 476λ4 edges of type 2, 768λ4 edges of type
3 (as there exist 4 choices for x1,
(
4
2
)
choices for y′1, y
′′
1 , 2 choices for x
′
2, x
′′
2 , 4
2
choices for y′2, y
′′
2 , and λ
4 choices for z′1, z
′′
1 , z
′
2, z
′′
2 ). There are 120
(
λ
2
)2
edges of
type 4a (as there exist
(
42
2
)
choices for (x1, y1), (x2, y2),
(
λ
2
)
choices for z′1, z
′′
1 ,
and
(
λ
2
)
choices for z′2, z
′′
2 ). There are 384
(
λ
2
)
λ2 edges of type 4b (as there exist
42 choices for x1, y1,
(
λ
2
)
choices for z′1, z
′′
1 , 4 choices for x2,
(
4
2
)
choices for y′2, y
′′
2 ,
and λ2 choices for z′2, z
′′
2 ). There are 512
(
λ
2
)
λ2 edges of type 4c (as there exist
42 choices for x1, y1,
(
λ
2
)
choices for z′1, z
′′
1 , 2 choices for x
′
2, x
′′
2 , 4
2 choices for
y′2, y
′′
2 , and λ
2 choices for z′2, z
′′
2 ). Therefore,
e(Hm,λ) = m
(
16
(
λ
4
)
+ 1244λ4 + 120
(
λ
2
)2
+ 896
(
λ
2
)
λ2
)
=
m
3
(
5168λ4 − 1536λ3 + 112λ2 − 12λ
)
.
When λ = 1, we get e(Hm,1) = 1244m (see Example 4.3).
For i ∈ Zm, let Vi = {(i, x, y, z) : x, y, z ∈ Z22}. It follows from Theorem 7.3
that α(Hm,λ) ≤ 3m, α(Hm,λ−Vi) ≤ 3m−1, and α(Hm,λ−(Vi∪Vj)) ≤ 3m−2 if
i 6= j. In particular, Vi∩V (Hm,λ) is a critical set in Hm,λ of size 16λ. As m ≥ 4,
we can assign to each vertex w of Hm,λ two distinct critical sets which do not
contain w. Now we may use Proposition 3.2 with c(w) = 16λ and d(w) = 1 for
every vertex w to get
Corollary 7.4. If m ≥ 4 and λ ∈ {1, 2, 3, 4}, then
t(3m+ 2, 4) ≤
(
24e + v
(
3v + 64λ−
43
16
))
v−4,
t∗(3m+ 2, 4) ≤ (3m+ 1)
3
(
e +
v
24
(
3v + 64λ−
43
16
))
v−4,
where v = 16mλ and e = m3
(
5168λ4 − 1536λ3 + 112λ2 − 12λ
)
.
When m = 21, λ = 3, we get t∗(65, 4) < 0.706335 .
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8. Exact values T (n, α+ 1, 4) for small ratios n/α
It is known (see [11, Section 8]) that
T (n, α+ 1, 4) =
{
n− α if 1 ≤ n
α
≤ 43 ,⌈
5
2n− 3α
⌉
if 43 ≤
n
α
≤ 32 .
(8.1)
Proposition 8.1. If 32 ≤
n
α
≤ 74 and n 6=
7
4α−
1
2 , then
T (n, α+ 1, 4) =
⌈
4n−
21
4
α
⌉
. (8.2)
Proof. The lower bound in (8.2) follows from the inequality v(H) − α(H) ≤
(5v(H) + 4e(H))/21 proved in [12]. To prove the upper bound, we will use the
following inequalities: T (5, 4, 4) ≤ 5 (trivial), T (6, 5, 4) ≤ 3 and T (7, 5, 4) ≤ 7
(Section 2), T (8, 6, 4) ≤ 6 (Section 5).
If α = 4m, then n = 6m+k where 0 ≤ k ≤ m. We get T (6m+k, 4m+1, 4)≤
kT (7, 5, 4) + (m− k)T (6, 5, 4) ≤ 7k + 3(m− k) = 4n− 21m.
If α = 4m + 1, then n = 6m + 2 + k where 0 ≤ k ≤ m − 1. We get
T (6m + 2 + k, 4m + 2, 4) ≤ T (8, 6, 4) + kT (7, 5, 4) + (m − 1 − k)T (6, 5, 4) ≤
6 + 7k + 3(m− 1− k) = 4n− (21m+ 5).
If α = 4m + 2, then n = 6m + 3 + k where 0 ≤ k ≤ m − 1. (If k = m
then n = 74α−
1
2 .) The subcase k = 0 is covered by (8.1). When k ≥ 1, we get
T (6m+3+k, 4m+3, 4) ≤ 2T (8, 6, 4)+(k−1)T (7, 5, 4)+(m−1−k)T (6, 5, 4)≤
2 · 6 + 7(k − 1) + 3(m− 1− k) = 4n− (21m+ 10).
If α = 4m+ 3, then n = 6m+ 5 + k where 0 ≤ k ≤ m. We get T (6m+ 5 +
k, 4m+4, 4) ≤ T (5, 4, 4)+ kT (7, 5, 4)+ (m− k)T (6, 5, 4) ≤ 5+ 7k+3(m− k) =
4n− (21m+ 15).
The exceptional case n = 74α −
1
2 corresponds to n = 7m+ 3, α = 4m+ 2.
In this case, the right hand side of (8.2) is equal to 7m + 2, while we get
T (7m+3, 4m+3, 4)≤ 2T (5, 4, 4)+(m−1)T (7, 4, 3) = 2 ·5+7(m−1) = 7m+3.
It is likely that T (7m+3, 4m+3, 4) = 7m+3. This equality holds for m = 1, 2
(see [4]).
9. Summary of asymptotic results and open problems
For small k, we tried various choices of Gi in the circular construction and
then used the resulting 4-graph H to seed the expansion construction. We list
below the upper bounds for the rescaled Tura´n densities t∗(k, 4) that we were
able to get. We omit those values k where the bound is weaker than for some
t∗(k
′, 4) with k′ < k. We skip proofs for k = 8, 10, 14.
14
k t∗(k, 4) ≤ reference
4 1
5 5/6 Section 2
6 0.802611 Example 3.4
7 0.780861 Proposition 6.1
8 0.765046
10 0.729885
14 0.725684
17 0.722438 Example 4.3
20 0.715601 Example 4.3
23 0.714739 Example 4.3
32 0.711838 Corollary 7.4, m = 10, λ = 2
35 0.709199 Corollary 7.4, m = 11, λ = 2
38 0.707575 Corollary 7.4, m = 12, λ = 2
41 0.706727 Corollary 7.4, m = 13, λ = 2
44 0.706485 Corollary 7.4, m = 14, λ = 2
62 0.706452 Corollary 7.4, m = 20, λ = 3
65 0.706335 Corollary 7.4, m = 21, λ = 3
Notice that our upper bound for t∗(4) is not far from 2/3 that is the expected
value of t∗(3).
Problem 9.1. Is it true that t∗(r − 1) ≤ t∗(r) ?
Problem 9.2. Are t∗(r) bounded?
Problem 9.3. Are t∗(k, r) nondecreasing in k ?
Problem 9.4. Is it true that t∗(k, r−1) ≤ t∗(k, r) and t(k, r−1) ≤
k−1
r
t(k, r)?
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